I introduce a covariant four-vector G a [v], which can be interpreted as the momentum density attributed to the spacetime geometry by an observer with velocity v a , and describe its properties: (a) Demanding that the total momentum of matter plus geometry is conserved for all observers, leads to the gravitational field equations. Thus, how matter curves spacetime is entirely determined by this principle of momentum conservation. (b) The G a [v] can be related to the gravitational Lagrangian in a manner similar to the usual definition of Hamiltonian in, say, classical mechanics. (c) Geodesic observers in a spacetime will find that the conserved total momentum vanishes on-shell. (d) The on-shell, conserved, total energy in a region of space, as measured by comoving observers, will be equal to the total heat energy of the boundary surface. (e) The off-shell gravitational energy in a region will be the sum of the ADM energy in the bulk plus the thermal energy of the boundary. These results suggest that G a [v] can be a useful physical quantity to probe the gravitational theories.
Abstract
I introduce a covariant four-vector G a [v] , which can be interpreted as the momentum density attributed to the spacetime geometry by an observer with velocity v a , and describe its properties: (a) Demanding that the total momentum of matter plus geometry is conserved for all observers, leads to the gravitational field equations. Thus, how matter curves spacetime is entirely determined by this principle of momentum conservation. (b) The G a [v] can be related to the gravitational Lagrangian in a manner similar to the usual definition of Hamiltonian in, say, classical mechanics. (c) Geodesic observers in a spacetime will find that the conserved total momentum vanishes on-shell. (d) The on-shell, conserved, total energy in a region of space, as measured by comoving observers, will be equal to the total heat energy of the boundary surface. (e) The off-shell gravitational energy in a region will be the sum of the ADM energy in the bulk plus the thermal energy of the boundary. These results suggest that G a [v] can be a useful physical quantity to probe the gravitational theories.
Matter possesses an energy-momentum tensor T a b . Given the validity of ∂ a T a b = 0 in the freely falling frames, where special relativity holds, and the principle of general covariance and principle of equivalence, one can impose the condition ∇ a T a b = 0 in any arbitrary curved spacetime. In a generic situation, ∇ a T a b = 0 will lead to the equations of motion for matter in the given spacetime. So, "how geometry makes the matter move" is encoded in the generalized conservation law ∇ a T a b = 0. Can we have a similar principle to determine "how matter curves the geometry"? That is, can we get the gravitational field I will now show how this can be done. The key idea is to shift attention from the energy-momentum tensor to the momentum vector. Even for normal matter, the momentum density P a ≡ −T a b v b can be defined only by using an additional vector field v a , say, the velocity of an observer. That is, while T a b can be expressed entirely in terms 1 The signature is (−, +, +, +). We use units with = c = (16πG) = 1 so that Einstein's equations become G a b = (1/2)T a b . Latin letters run through 0 − 3 and Greek letters run through 1 − 3.
of matter fields and geometry, the corresponding four-momentum P a associated with matter is different for different observers; and requires an additional vector field for its definition. It will, therefore, be only natural if different observers attribute different momentum density G a [v] for the same spacetime geometry as well. Further, the momentum of the matter field −T a b v b defined with the velocity v b of an arbitrary observer is not
is, in general, non-zero. These facts suggest that we could restore the momentum conservation by adding the matter momentum to the momentum attributed to the spacetime geometry by the same observer. That is, we expect the correct physical law of nature to be expressed in the form
where
is the momentum density attributed to a spacetime geometry by an observer with velocity v a . Just as ∇ a T a b = 0 tells us "how geometry makes the matter move", we expect ∇ a P a [v] = 0 to tell us "how matter curves the geometry". In short, gravitational field equations represent the conservation law for the total momentum.
I will now give a definition of G a [q] and show how the gravitational field equations arise from Eq. (1). (It turns out to be useful to define this quantity for an arbitrary vector field q a rather than for those with v 2 = −1, which can arise as a special case.) Having done that, I will explain why this definition is natural and how it provides deeper insights into the nature of gravity.
I will begin with the description of the gravitational field in terms of the variables (see [2, 3] for a detailed discussion of these variables):
instead of the usual pair (g ab , Γ i jk ). The spacetime momentum G a [q] associated with a vector field q a is defined in terms of the variables in Eq. (2) by
where the Lie derivative of N i jk , defined in terms of the Lie derivative of the connection 
Manipulating the derivatives, it is easy to express [3, 4] this current 3 as:
. On using this relation, the definition
We now demand that Eq. (1) (3), we can express gravitational field equations as a conservation law.
I will now explore the consequences of this conservation law and argue that the definition in Eq. (3) is quite natural and useful.
To begin with, it is conceptually rather elegant to describe "how geometry tells the matter to move" and "how matter tells the geometry to curve" in terms of the two principles ∇ a T a b = 0 and ∇ a P a [v] = 0. While the conservation (or otherwise!) of the matter energy momentum tensor is widely discussed in literature, the fact that matter momentum is not conserved (viz. ∇ a P a [v] = 0, in a general spacetime) does not seem to have received much attention. Our principle shows that the momentum conservation law is indeed restored once we take the spacetime momentum into account. Or, rather, matter momentum alone was not conserved because we did not add to it the momentum of the spacetime geometry produced by the matter.
Second, unlike ∇ a T a b = 0, Eq. (1) describes a genuine conservation law with an associated conserved charge that can be interpreted as the total energy. From
we find that the total, conserved, on-shell momentum
is essentially the Noether current. (The negative sign is due to our signature.) Since the conservation of J a [q] can also be related to the diffeomorphism invariance of the action under x a → x a + q a , it seems natural to see it emerge as the total momentum. Third, the structure of G a [q] is similar to the usual definition of Hamiltonian from the Lagrangian, generalized suitably for Einstein's theory. In classical mechanics, given a Lagrangian L q (q, q) which leads to second-order equations of motion when δq = 0 at the boundary, one can construct another ('momentum-space') Lagrangian L p (q,q, q) ≡ L q − d(pq)/dt which will lead to the same second-order equations of motion -in spite of the fact that L p (q,q, q) depends onq -when δp = 0 at the boundary [5] . The standard Hamiltonian is expressible in terms of L q or L p as:
In terms of the variables (q, p) ⇔ (f ab , N i jk ), gravity can be similarly [2] described by either of the two Lagrangians, L f (which leads to the field equations when δf ab = 0 at the boundary, usually called the Γ 2 Lagrangian) and L N = √ −gR (which leads to the same field equations when δN a bc = 0 at the boundary). The L N and L f are related by:
is the momentum conjugate to f ab . In fact, the variation of L N = √ −g R can be written as: showing that δN c ik = 0 at the boundary will lead to the equations of motion. That is, the Lagrangian √ −gR has a momentum space structure. Our definition of the gravitational four momentum in Eq. (3) is a direct generalization of (the second equality in) Eq. (6) b , which would have directly lead to Eq. (5) but the total on-shell momentum will always be zero!). While adding an arbitrary conserved current does not affect the derivation of the field equations, it will certainly change (a) the value of the conserved charge and (b) the relation of the gravitational momentum to the Hilbert action. The above discussion motivates why our definition is natural. In addition to having the a structure similar to the one in Eq. (6), it also identifies the total momentum as the Noether current J a [q]. The value of the corresponding conserved charge will, of course, depend on the vector field q a chosen for the definition. But since the properties of the Noether current are well-known from the previous works [3, 4] , we will be able to obtain the corresponding results easily. I will describe the results for two natural choices.
The first class of observers we can look at are the geodesic observers in the synchronous frame, which can be introduced in any local region of any spacetime. These observers have u a = −∇t(x) and hence J ab [u] and J a [u] vanish for these observers [4] . So these geodesic observers will find the total four-momentum P a [u] to vanish. We know that geodesic observers notice the absence of local gravitational field but, of course, experience the tidal effect of gravity. The fact that P a [u] = 0 for these observers provides another nice characterization of the synchronous frame.
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The second set of observers are those moving normal to the spacelike hypersurfaces in a given foliation. To explore this situation, let us introduce an arbitrary (1 + 3) foliation based on a time function t(x a ), with the unit normal u a (x i ) ∝ ∇ a t. This leads to the (1+3) split of the metric g ab into the lapse (N ), shift (N α ) and 3-metric h ab = g ab + u a u b . The comoving observers with velocity u a will have the (in general, nonzero) acceleration a i ≡ u j ∇ j u i = h j i (∇ j N/N ) which is purely spatial (i.e., u i a i = 0) and has the magnitude a ≡ √ a i a i . The conditions t(x) = constant, N (x) = constant, taken together, define the 2-dimensional surface S (' equipotential surface') with the area element √ σd D−2 x and the binormal ǫ ab which we can take it to be ǫ ab ≡ r [a u b] where r α = ±(a α /a) is essentially the unit vector along the acceleration that points outwards. Comoving observers moving with velocity u a will have the acceleration a which allows us to introduce the notion of a local Rindler frame at any event Q with this acceleration.
A null surface passing though Q will now act as a patch of horizon to the local Rindler observers. They will attribute the (Tolman-corrected) Davies-Unruh [6] temperature T = N a/2π to the vacuum state of the freely falling observers. Further, one quarter of the area element dS = √ σd 2 x/4L 2 P can be thought of as the entropy associated with this patch of horizon in general relativity. (For more details of this construction and interpretation, see [3, 4] .)
While Eq. (3) associates a gravitational momentum G a [q] with any vector field q a , the momentum related to the time evolution vector, ξ a ≡ N u a , is of special interest. This vector measures the proper-time lapse corresponding to the normal u a = −N ∇ a t to the t = constant surfaces. In static spacetimes, ξ a can be chosen to be the timelike Killing vector. Since one motivation for the Lie derivative £ q in Eq. (3) is based on the idea of generalizing the time derivative occurring inṗ, the vector ξ a can be a natural choice for the taking the Lie derivative [3] . For this choice, G a [ξ] does have very interesting interpretation. We can now show that [3, 4] the on-shell total energy in a region, bounded by N = constant surface, is given by the thermal energy of the boundary, defined with Davies-Unruh temperature of local Rindler observers and the entropy density s = (1/4) √ σ:
(Note that the energy density is −P a u a with our signature convention.) Further, the the off-shell gravitational energy in the same region is given (see e.g., Eq.(84) of [3] ) by:
The first term on the right is the integral of
while the second term is the thermal energy of the boundary. This is an off-shell result.
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When the spacetime is static ξ a can be chosen to be the natural timelike Killing vector. In this case, we know that the vector T 
is the four-velocity of an observer moving along the orbits of the Killing vector is not, in general, conserved. (This is another motivation for using ξ a = N u a in general.) It follows that, in any static geometry, the gravitational momentum G a [ξ a ] is also separately conserved, which is understandable.
Finally, we mention that the gravitational momentum plays a crucial role in the thermodynamics of the null surface [7, 8] . The projection of gravitational momentum along the normal to the null surface, and in the orthogonal directions, allows us to write the different components of Einstein's equations in an insightful manner. In particular, the flow of gravitational momentum along the null congruence defining the null surface leads to a thermodynamic identity of the form T dS = dE + P dV where P is the work function. Another projection orthogonal to the null surface allows two components of the field equations to be written in the form of the Navier-Stokes equation. These results show that the gravitational momentum is closely related to the thermal properties of the null surface which, in turn, form the corner stone of the emergent gravity paradigm.
If one is willing to accept the definition of G a [q] in Eq. (3) as primary (or derive it from more fundamental considerations), then the dynamics has a nice description. One starts with an energy momentum tensor T a b for matter and a gravitational momentum tensor G a [q] for gravity. Their conservation laws lead to equations of motion for matter and gravity!.
